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Abstract: An edge numbering f of a graph G of size q is a labeling that assigns distinct elements of the set [1 , q] to the 
edges of G. The edge-strength estr( G) of G is 
est r ( G) = min { estr f ( G) If is an edge numbering of G } , 
where estr f ( G) = max {f ( e1 ) + f ( e2) I e 1, e2 are adjacent edges of G}. In this paper, we present several bounds 
for the edge-strength of a graph in terms of other invariants defined on graphs. We also introduce the concept of anti 
edge-strength aestr ( G), and establish that estr ( G) + aestr ( G) = 2 ( q + 1) for a nonempty graph G of size q. This 
provides parallel bounds for aestr ( G) to the ones on estr ( G). 
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1. Introduction 
In this paper, only finite graphs without loops or multiple edges will be considered. Terms and notation 
not defined below follow those used in [3]. 
The vertex set of a graph G is denoted by V (G), while the edge set of G is denoted by E (G). The 
complete graph of order n is denoted by Kn. The graph with n vertices and no edges is referred to as the 
empty graph. For a vertex v of a graph G, its neighborhood Ne ( v) is defined by 
NG ( V) = { u E V ( G) I UV E E ( G)} ' 
and its degree deg v is the number of vertices adjacent to v , that is, deg v = INc (v)I- The closed neigh-
borhood is defined by N [ v] = N ( v) U { v}. The minimum degree of G is the minimum degree among the 
vertices of G and is denoted by c5 ( G). The maximum degree is defined similarly and is denoted by .6. ( G). 
For the sake of notational convenience, we will denote the interval of integers k such that i ::::; k ::::; j by 
simply writing [i, j]. A numbering f of a graph G of order pis a labeling that assigns distinct elements of 
the set [1, p] to the vertices of G. The strength of G is 
str ( G) = min {str1 ( G) If is a numbering of G}, 
where str f ( G) = max {f ( u) + f ( v) luv E E ( G) } . If G is an empty graph, then str ( G) is undefined 
(or we could define str ( G) = +oo). The concept of strength of a graph was introduced in [6] as a gener-
alization of the problem of finding whether a graph is super edge-magic or not (see [4] for the definition of 
a super edge-magic graph, and also consult [l, 5] for alternative and often more useful definitions of the 
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same concept). 
Several bounds for the strength have been found in terms of other invariants defined on graphs (see [6]). 
Among others, the following result that provides a lower bound for the strength of a graph in terms of its 
order and minimum degree have been proven to be useful (see [6, 7, 8]). 
Lemma 1.1. For every graph G of order p with 8 ( G) 2 1, 
str ( G) 2 p + 8 ( G) . 
Another problem introduced in [9] concerns labeling the edges of a graph in terms of its size rather than 
its order. An edge numbering f of a graph G of size q is a labeling that assigns distinct elements of the set 
[ 1, q] to the edges of G. The edge-strength estr( G) of G is 
estr ( G) = min { estr f ( G) If is an edge numbering of G} , 
where estr f ( G) = max {f ( e 1) + f ( e2) I e1, e2 are adjacent edges of G}. An edge numbering f of a 
graph G for which estr f ( G) = estr ( G) is called an edge-strength labeling of G. The determination 
of estr ( G) can be transformed into a problem dealing with strengths, namely, from the definitions it is 
immediate that 
estr ( G) = str ( L ( G)) , 
where L ( G) is the line graph of G. The line graph L ( G) of a graph G is the graph whose vertices can 
be put in one-to-one correspondence with the edges of G in such a way that two vertices of L ( G) are 
adjacent if and only if the corresponding edges of G are adjacent. The line graph L ( G) is empty if and 
only if every component of G is either K 1 or K 2 . In such a case, estr ( G) is undefined (or we could define 
estr (G) = +oo). 
The following results were obtained in [9] for the cycles Cn and stars K1,n-1 of order n. 
Theorem 1.1. For every integer n ::=:: 3, 
estr (Cn) = n + 2. 
Theorem 1.2. For every integer n ::=:: 2, 
estr (K1 ,n-1) = 2n - 3. 
2. Bounds for the edge-strength 
In this section, we present several bounds for the edge-strength of a graph in terms of other invariants 
defined on graphs. 
We begin with the following lower bound for the edge-strength of a graph G in terms of its size and 
minimum degree. 
Theorem 2.1. For every graph G of size q with 8 ( L ( G)) ::=:: 1, 
estr ( G) 2 q + 2 ( 8 ( G) - 1) . 
Proof. Since IV (L (G))I = q and 8 (L (G)) ::=:: 1, it follows from Lemma 1.1 that 
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estr (G) = str (L (G)) 2:: q + 8 (L (G)). 
If x = uv E E ( G), then the degree of x in L ( G) is clearly deg u + deg v - 2. However, 
deg u + deg v - 2 2 8 ( G) + 8 ( G) - 2 = 2 ( 8 ( G) - 1) 
for uv E E ( G). Consequently, 8 ( L ( G)) 2:: 2 ( 8 ( G) - 1), giving the desired result. □ 
A vertex-cut in a graph G is a set S of vertices of G such that G - S is disconnected. The connectivity 
K ( G) of a graph G is the minimum cardinality of a vertex-cut of G if G is not complete, and K ( G) = n - l 
if G ~ Kn for some positive integer n. Hence, K ( G) is the minimum number of vertices whose removal 
results in a disconnected graph or a trivial graph. 
Connectivity has an edge analogue. An edge-cut in a graph G is a set X of edges of G such that G - X 
is disconnected. The edge-connectivity K1 ( G) of a graph G is the minimum cardinality of an edge-cut of 
G if G is nontrivial, and K1 (K1) = 0. 
The following result, due to Whitney [10], establishes a connection between connectivity K ( G), edge-
connectivity K1 (G), and minimum degree 8 (G) of a graph G. 
Theorem 2.2. For every graph G, 
K(G):::; K1 (G):::; 8(G). 
The next lower bounds for the edge-strength of a graph follow immediately from the last two theorems. 
Corollary 2.1. For every graph G of size q with 8 ( L ( G)) 2 1, 
(1) estr (G) 2 q + 2 (K1 (G) - 1), 
(2) estr (G) 2 q + 2 (K (G) - 1). 
The bounds presented in Theorem 2.1 and Corollary 2.1 are sharp in the sense that there are infinitely 
manygraphsGforwhichestr(G) = IE(G)l+2(K1 (G)- l)andestr(G) = IE(G)l+2(K(G)-1),re-
spectively. To see this, consider the cycle Cn, where n 2 3. Then IE ( Cn) I = n and 8 ( Cn) = K1 ( Cn) = 
K ( Cn) = 2. It is also known from Theorem 1.1 that estr ( Cn) = n + 2. 
The next result was found in [6]. 
Lemma 2.1. !JG and Hare nonempty graphs such that His a subgraph ofG, then str (G) 2:: str (H). 
The next result is a consequence of Lemma 2.1. 
Lemma 2.2. If G is a graph containing a subgraph H such that L (H) is nonempty, then estr (G) 2:: 
estr (H). 
Proof. Let G be a graph containing a subgraph H such that L ( H) is nonempty. Then L ( G) contains 
L ( H) as a subgraph. Since L ( H) is nonempty, it follow that L ( G) and L ( H) are nonempty. It is now 
immediate from Lemma 2.1 that 
estr (G) = str (L (G)) 2:: str (L (H)) = estr (H). 
□ 
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The next result provides lower and upper bounds for the edge-strength of a graph in terms of its maxi-
mum degree and size, respectively. 
Theorem 2.3. For every graph G of size q such that L ( G) is nonempty, 
2~ (G) - 1 '.S estr (G) '.S 2q - 1. 
Proof. Let an edge-strength labeling of such a graph G be given and let v be a vertex of G for which 
degv = ~ (G) = l. Furthermore, let H be the graph induced by N [v]. Then His a subgraph of G 
containing K 1 ,z as a subgraph and L (G) is nonempty. By Lemma 2.2 and Theorem 1.2, 
estr (G) ?: estr (H) ?: estr (K1,i) = 2l - 1. 
Hence, estr ( G) ?: 2~ ( G) - 1. 
In order to verify the upper bound, assume that G is a graph of size q such that L ( G) is nonempty. Then 
L ( G) is a subgraph of Kq (q ?: 2). There is only one numbering f of Kq and the label of the edge joining 
the vertices labeled q - l and q is 2q - 1. Thus, str1 (Kq) = str (Kq) = 2q - l. This together with 
Lemma 2.1 implies that 
estr (G) = str (L (G)) '.S str (Kq) = 2q - l. 
Hence, estr ( G) '.S 2q - 1. □ 
The bounds given in Theorem 2.3 are sharp. In order to see this, let G ~ Ki,n-l for integers n ?: 2. 
Then IE (G)I = ~ (G) = n - l, and estr (G) = 2n - 3 by Theorem 1.2. 
An assignment of colors to the vertices of a graph G so that adjacent vertices are assigned different colors 
is called a coloring of G. A coloring in which n colors are used is an n-coloring. The chromatic number 
x ( G) of G is the minimum n for which G has an n-coloring. A graph G is n-chromatic if x ( G) = n, and 
is n-colorable if x ( G) '.S n. For an integer n ?: 2, we say that a graph G is n-critical if x ( G) = n and 
x (H) < n for every proper subgraph Hof G. 
The following lemma taken from [2, p. 117] provides a lower bound for the minimum degree of n-
critical graph, which will prove to be useful in our study of the edge-strength of graphs. 
Lemma 2.3. If G is an n-critical graph, then <5 ( G) ?: n - l. 
The next result provides a lower bound for the edge-strength of a graph in terms of the chromatic number 
of n-critical graphs. 
Theorem 2.4. For every n-critical graph G of size q with <5 ( L ( G)) ?: 1, 
estr ( G) ?: q + 2 (x ( G) - 2) . 
Proof. Let G be an n-critical graph of size q with r5 ( L ( G)) ?: 1. By Theorem 2.1, we have 
estr ( G) ?: q + 2 ( r5 ( G) - 1) . 
However, we have r5 ( G) 2: n - 1 by Lemma 2.3. Therefore, we conclude that 
estr ( G) ?: q + 2 ( r5 ( G) - 1) ?: q + 2 ( n - 2) , 
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which produces the desired result. □ 
Two vertices that are not adjacent in a graph G are said to be independent. A set S of vertices is inde-
pendent if every two vertices of S are independent. The independence number f3 ( G) of a graph G is the 
maximum cardinality among the independent sets of vertices of G. 
In a given coloring of a graph G, a set consisting of all those vertices assigned the same color is referred 
to as a color class. This leads us to obtain the next result. 
Theorem 2.5. For every n-critical graph G of order p and size q with 6 ( L ( G)) ~ 1, 
estr ( G) ~ q + 2 ( Ip/ f3 ( G) l - 2) . 
Proof. Consider such a graph G. Then x ( G) = n. This implies that V ( G) can be partitioned into n 
color classes, Vi, Vi, ... , Vn, each of which is an independence set of vertices of G. If l¼I = Pi for each 
i E [1, n], then Pi :s; f3 ( G) so that p = L~=i Pi :s; n/3 ( G). Thus, X ( G) ~ p/ f3 ( G). This together with 
Theorem 2.4 yields the desired result. □ 
The bounds given in Theorems 2.4 and 2.5 are sharp. To see this, let G ~ C2n+ i for positive integers 
n. Then estr ( G) = 2n + 3 by Theorem 1.1, and G is 3-critical; so x ( G) = 3. It is also evident that 
IV (G)I = IE (G)I = 2n + 1 and f3 (G) = n. 
3. The anti edge-strength of graphs 
In this section, we introduce the notion of anti edge-strength, and establish the connection between the 
edge-strength of a graph and its anti edge-strength. 
For an edge numbering f of a graph G of size q, the edge complementary numbering f of G is defined 
by 
7(e) = q+ 1-f(e) 
for each e E E ( G). Then the edge numbering of a graph G of size q and its edge complementary number-
ing satisfies 
min {7 (ei) + 7 (e2) lei, e2 are adjacent edges of G} 
= 2 (q + 1) - max {f (ei) + f (e2) lei, e2 are adjacent edges of G} 
and 
max {7 (ei) + 7 (e2) lei, e2 are adjacent edges of G} 
= 2 (q + 1) - min {f (ei) + f (e2) lei, e2 are adjacent edges of G}. 
This motivates us to define the following problem that is a dual modification of the edge-strength problem. 
The anti edge-strength aestr ( G) of a graph G of size q is 
aestr ( G) = max { aestr f ( G) If is an edge numbering of G} . 
where aestr f ( G) = min {f ( ei) + f ( e2) I ei, e2 are adjacent edges of G}. An edge numbering f of a 
graph G for which aestr f ( G) = aestr ( G) is called an anti edge-strength labeling of G. As in the case of 
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edge-strength, if every component of G is either Ki or K 2 , then L ( G) is empty. In such a case, aestr ( G) 
is undefined (or we could define aestr (G) = -oo). 
The next result indicates how the edge-strength of a graph and its anti edge-strength are related. 
Lemma 3.1. For every graph G of size q such that L ( G) is nonempty, 
estr ( G) + aestr ( G) = 2 ( q + l) . 
Proof. Let G be a graph of size q and estr ( G) = k. Then there exists an edge numbering f : E ( G) -----+ 
[1, q] of G for which 
estr ( G) = min { estr f ( G) If is an edge numbering of G} = k, 
that is, 
estr f (G) = max {f ( ei) + f (e2) lei, e2 are adjacent edges of G} = k. 
Thus, the edge complementary numbering f of G has the property that 
aestr7 ( G) = min {7 ( ei) + J ( e2) I ei, e2 are adjacent edges of G} 
= 2 (q + 1) - max {f (ei) + f (e2) lei, e2 are adjacent edges of G} 
=2(q+l)-k. 
Consequently, aestr ( G) ?: 2 ( q + l) - k, implying that estr ( G) + aestr ( G) ?: 2 ( q + l). 
To show that estr ( G) + aestr ( G) :S 2 ( q + 1 ), let aestr ( G) = k. Then there exists an edge numbering 
f: E (G)-----+ [1, q] of G for which 
aestr ( G) = max { aestr f ( G) If is an edge numbering of G} = k, 
that is, 
aestrf ( G) = min {f (ei) + f (e2) lei, e2 are adjacent edges of G} = k. 
Thus, the edge complementary numbering f of G has the property that 
estr7 (G) = max {7 (ei) + J (e2) lei, e2 are adjacent edges of G} 
= 2 (q + 1) - min {f (ei) + f (e2) lei, e2 are adjacent edges of G} 
=2(q+l)-k. 
Consequently, estr ( G) :S 2 ( q + l) - k, implying that estr ( G) + aestr ( G) :S 2 ( q + l) and the proof is 
completed. D 
From Lemma 3.1, it follows that the problems of determining the edge-strength and anti edge-strength 
are equivalent. Therefore, the next result is readily inferred from Theorems 1.1 and 1.2. 
Corollary 3.1. 
(1) For every integer n ?: 3, aestr ( Cn) = n. 
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(2) For every integer n 2 2, aestr (K1,n-1) = 3. 
As consequences of Lemma 3.1, we obtain parallel bounds for aestr ( G) to the ones on estr ( G) pre-
sented in Section 2. 
Corollary 3.2. For every graph G of size q with <5 ( L ( G)) 2 1, 
(1) aestr (G) :Sq - 2 (<5 (G) - 2), 
(2) aestr (G) :Sq - 2 (~1 (G) - 2), 
(3) aestr (G) :Sq - 2 (~ (G) - 2), 
(4) 3 :S aestr (G) :S 3 + 2 (q - .6. (G)). 
There are other upper bound results for the anti edge-strength yet. 
Corollary 3.3. For every n-critical graph G of order p and size q such that <5 ( L ( G)) 2 1, 
(1) aestr (G) :Sq - 2 (x (G) - 3), 
(2) aestr ( G) :S q - 2 (Ip/ (3 ( G)l - 3). 
As in the case of edge-strength, if we apply Corollary 3.3 with G ~ C2n+l, where n 2 1, then we can 
conclude that the above bounds are sharp by Corollary 3.1 (see the comment subsequent to Theorem 2.5). 
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